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Abstract 

We develop the new variational calculus introduced in 2011 by J. Cresson and I. Gr¬ 
eff, where the classical derivative is substituted by a new complex operator called the scale 
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1 Introduction 

Dating back to the late 17th century, the calculus of variations has been proved to be a powerfull 
tool in several fields, such as physics, geometry, engineering, economics and control theory. One of 
the earliest variational problems posed in physics was the problem of determining the shape of a 
surface of revolution that would encounter the least resistance when moving through some resisting 
medium. This problem was solved by Issac Newton and the solution was published in 1687 in the 
first book of the collection Principia. Since then, important mathematicians and physicists, such 
as John and James Bernoulli, Leibniz, Euler, Lagrange, Jacobi, Weierstrass, Hilbert, Noether, 
Tonelly and Lebesgue, studied different variational problems, contributing to the development of 
the classical calculus of variations. 

The fundamental problem of the classical calculus of variations can be formulated in the fol¬ 
lowing form: among all differentiable functions y : [a, 6] —5> R such that y{a) = pa and y{b) = yi,, 
where ya,yb are fixed real numbers, find the ones that minimize (or maximize) the functional 

^y]= [ L{t,y{t),y'{t))dt. 

J a 

It can be proved that the extremizers of this variational problem must satisfy the following second- 
order differential equation 

dr)! r)T 

- — {t,y{t),y'{t)) = —{t,y{t),y'{t)), W € [a,b] 
dL dL 

called the Euler-Lagrange equation (where and denote, respectively, the partial derivative 

oy av 

of L with respect to the second and third argument). With the two boundary restrictions, y{a) = pa 
and y{b) = yb, we may determine the extremals of C. If the boundary condition y{a) = pa is not 
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imposed in the initial problem, then in order to find the extremizers we have to add another 
dL 

necessary condition: -^{a,y{a),y'(a)) = 0; and thus, instead of the initial condition y{a) = ya, 

we have one more equation on the system. Also, if y{b) = yi, is not fixed in the problem, then 

dL 

we need to impose another necessary condition: —{b,y{b),y'{b)) = 0. These two conditions are 
usually called natural boundary conditions or tranversality conditions. 

Since many physical phenomena are described by nondifferentiable functions, and many prob¬ 
lems posed in physics can be formulated using integral functionals, it seemed clear for some 
mathematicians and physicists that it would be interesting to develop a calculus of variations for 
functionals which are defined on a set of nondifferentiable functions. 

There exist several different approaches to deal with nondifferentiability in problems of the 
calculus of variations: the time scale approach, which typically deals with delta or nabla differen¬ 
tiable functions [D1 [311013 [31 il [TO]; the fractional approach, which deals with fractional 
derivatives of order less than one [ni[i2iii3[Miii5i[iniiiaiia[iai2Q]; the quantum approach, 
which deals with quantum derivatives mi [H [H [Ml [13113; and the scale derivative approach 
recently introduced by J. Cresson in 2005 m- 

In this paper we are concerned with the scale derivative approach. In the paper |29j . J. Cresson 
and I. Greff introduced a new variational calculus where the classical derivative is replaced by a new 
complex operator called the scale derivative. Basically, this new derivative allows the development 
of an analogue of a differential variational calculus for Holderian functions. The scale variational 
theory is still in the very beginning mEHlESlEQlEIim, and much remains to be done. 

The main results of the paper |29j are: the Euler-Lagrange equation for a variational problem 
with fixed boundary conditions involving a scale derivative, and the nondifferentiable Noether’s 
Theorem. In this work we will use the scale derivative introduced in [29] (we remark that such 
derivative is not exactly the same as introduced in m)- 

In |32j the following scale variational problems were studied: the isoperimetric problem, the 
variational problem with dependence on a parameter, the higher-order variational problem, and the 
variational problem with two independent variables, for problems with fixed boundary conditions. 

The main purpose of this paper is to generalize the results of [Ml [31] ■ Let a and b be two fixed 
real numbers such that a < b. We consider nondifferentiable variational problems 

A= j L y(f), ^(0^ dt 

where a < T < b. The admissible functions y are Holderian such that y{a) = ya, for some fixed 
ya € R, and Dy/Dt is the scale derivative of y (to be dehned later). Note that here, in contrast 
to [Ml [31]) we have a free terminal point T and no constraint is imposed on y(T). Therefore, T 
and y{T) become part of the extremal choice process. 

In this paper, for expository convenience, we assume that only the terminal point is variable. 
It is clear that all the arguments used in the proofs of our results are easily extended to the case 
of a variable initial point. 

This paper is organized as follows. In Section 2 we present the scale derivative as introduced in 
[29] and briefly review some of its properties, namely, the Leibniz rule and the Barrow rule in the 
scale calculus context. Our main results are presented in Section 3. In Subsection 3.1 we prove 
necessary and sufficient conditions to obtain extremals for complex valued integral functionals with 
various type of constraint (imposed over the terminal point T and/or over y{T)). In Subsection 
3.2 we briefly show how higher-order scale derivatives can be included on the variational problem 

(Theorem [3]) ■ 

2 Preliminaries 

To make the paper self-contained, we begin with a review of the definitions and results from [29] 
needed to the present work. 
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In what follows we consider a, ^ G ]0,1[, ft. G ]0,1[ with ft <C 1, o, ft G M with a < ft, and define 
the interval / := [a — ft, ft + ft]. 

Definition 1. Let /:/—>■]&. The h-forward dijferenee operator is defined hy 




f{t + h) -/(f) 
h 


The h-backward difference operator is defined by 




fi.t) - f(.t - h) 

ft 


t G [a — ft, ft]. 


t G [o, ft + ft]. 


Remark 1. Obviously, if f is a differentiable function (in the classical sense), then 


lim A,,[/](t) = \im Vh[f]{t) = f\t). 

h^O h—^0 


Definition 2. The h-scale derivative of f : I is defined by 
^{t) = i[(^A,[/](t) +V,[/](t)) +*(^A,[/](t) - V4/](t) 
For complex valued functions f we define 


t G [a, ft], r = —1. (1) 


Ohf , Dhlmf 

□r<‘> = - 0 r<‘> + —g-w 

where Ref and Imf denote, respectively, the real and imaginary part of f. 
Remark 2. Again, «/ / : J —> R is a differentiable function, then 


Let ftjxjO, 1[, C) be the subspace of ftjxjO, 1[, C) such that for any function 

g G C'°o„j,([a,&]x]0,l[,C), the limit 


lim g{t, ft) 


exists for any t G [a, ft]. Denote by i? a complementary space of C'con«([®i l[i CO([a,&]x]0,l[,C) 

and denote by tt the projection of C'°Q„„([a, ft] x]0,1[, C) © £1 onto ft] x]0,1[, C), that is. 


r^O 

^conv \ 


,([a,ft]x]0,l[,C)©£; ^ CO„„,([a,ft]x]0,l[,C) 

g Oconv PE ' ^ ^{9') ~ 9 conv- 

In order to define the scale derivative, we need to introduce the following operator: 


(•): CO([a,&]x]0,l[,C) ^ J^([a,&],C) 

9 ( 5 ) : t iH- lim 7r(g)(t, ft) 

n —>-0 

where J^([a, ft], C) denotes the set of functions / : [a, ft] —> C. 

Finally, we arrive to the main concept introduced in [29) : the scale derivative of / (without 
the dependence of ft). 

Definition 3. The scale derivative of f G C^{I,C), denoted by is defined by 

§(«):= (^)«). ( 2 ) 

Remark 3. As remarked in [29) . the operator (•) depends on the choice of the complementary 
space E. However, this dependence does not change the form of the properties of this derivative. 
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From now on, we assume that a complementary space E is fixed. 

It is clear that the scale derivative m is a linear operator and the scale derivative of a constant 
is zero. 


Remark 4. It is dear that if f : I 


is a differentiable function, then = fit)- 


Higher-order scale derivatives can be defined as usual, 
[a — nh, b + nh]. The nth scale derivative of a function / 
recursively by 



□ /□"-i/N 
ni at^-^) 


it), 


For a given n G N, denote by I” := 
C is the function defined 


t e [a,b], 


where ^ ^ and ^ ■ 


:= /• 


In what follows we will denote 


C3([a,6],K) :={/eC0(/",K) 


Dt^ 




1,2,, n}, IK = R or K = C. 


It can be proved that the scale derivative satisfies a scale analogue of Leibniz’s and Barrow’s 
rule in certain subclasses of C). 

First let us recall the definition of Holderian function. 


Definition 4. Let f G C'°(/, C). We say that f is Holderian of Holder exponent a if there exists 
a constant C > 0 such that, for all s,t G I, the inequality 


\fit)-fis)\<c\t-sr 


holds. The set of Holderian functions of Holder exponent a defined on I is denoted by H°‘{I,<C). 

Theorem 1 (The scale Leibniz rule [29]). Let a, f €]0,1[ be such that a+/3 > I. For f € H°‘(I, R.) 
and g G we have 

= ^{t).git) + /W-§f W, t G [a, b]. 

Theorem 2 (The scale Barrow rule |Hj). Let f G (73([a, &],R) be such that 

tit ® 


u,here ^ := + (W)^- Then, 


□/ 

Dt 


{t)dt = fib) - f{a). 


Remark 5. Although Theorems{J\ and\^ were proven for real valued functions, they still hold for 
complex valued functions (the proofs are similar to the ones given in [29] ). 

The following result is an easy consequence of the complex versions of Theorems [T] and | 2 | 

Theorem 3 (The scale integration by parts formula). Let f G H°‘{I,C) and g G H^{I,<C) be 
such that a -I- ,5 > 1 and 

"□/»(/-5)' 


lim 
h—>^0 


at 


(t) dt = 0. 


Then 


I' ^(t) ■ g{t)dt = [fit)git)t - I' fit) • ^it)dt. 


4 








Next we prove the scale Taylor Theorem of first order. 
Theorem 4. Given / G &],C) and t G [a, &] such that ^ G 


lim 

h^O 


□/./ 

□t 


(t) dr = 0, 


E 


and 


then 


lim 

h^O 


□r 


n/, 


(t) dr = 0, 


/(t) = /(a) + -^{a){t -a) + 0{t - af. 
Proof. First observe that r t — r is of class and thus 

=-I- 

Using Theorem [5] we conclude that 




Using the scale integration by parts formula (Theorem [3]) , we get 

* n 2 , 


f{t) - f{a) = ■^{a){t - a) + I ^(r) ■ {t - r) dr 


for some M G C, which ends the proof. 


□ 


We finish this section with the following useful result. 

Lemma 1. Let a, ft G]0,1[ be such that a < (3. Then, for all y G H°‘{I,C) and rj G H^{I,C), 
y + yGH^^iGC). 


3 Main results 

The aim is to exhibit several necessary and sufficient conditions in order to determine scale ex¬ 
tremals for a certain class of functionals, which domain is the set of Holderian functions. Not only 
the Euler-Lagrange equation will be obtained, but also natural boundary conditions will appear. 

3.1 First-order variational problems 

We consider the following functional; 

A= J L (^t, y{t), ^(0^ dt 

defined on 


A= {y G iJ“(/,K) : y{a) = y^ A y G C'n([a, 6], R)}, 

where T G K is such that a < T < b, the Lagrangian L = L{t, j/, z;) ; [a, &] x K x C —>■ C is of class 
, and 2/a G M is a given fixed real number. We emphasize that we have a free terminal point T 
and no constraint on y{T). Hence, T and y{T) become part of the extremal choice process. 


5 





Definition 5. Wt say that {y,T) is a scale extremal of funetional X defined on A if, for any 
rj G H^{I, R) n 6], R) such that r]{a) = 0, and i5 G R, 


de 


I[y + er],T + e(5]|^^o = 0. 


Our first goal is to obtain a necessary and a sufficient condition to (y, T) be a scale extremal 
of the following functional 




(P) 


y & A, T G [a, 6]. 

In the sequel we assume that a + /3 > 1 and a < j3. For simplicity of notation, we introduce 
the operator [■] defined by 

[y][t)=Uy{t),^^(t)Y 


Theorem 5 (The scale Euler-Lagrange equation and natural boundary conditions I). Let T G 

dL 

[a,b] and y € A be such that ’^[v] S H°‘{I,C) and 

Oh fdL, 


lAi (suis 

for all rj G O ^□([a, &],R) such that rj{a) = 0. The pair {y,T) is a scale extremal of 

functional X defined on A if and only if the following conditions hold: 

1. ^[m = it) for all t G [a,f]; 

3. L(T,y{f),^{f)^ =0. 

Proof. Suppose that (y, T) is a scale extremal of problem ([P]). Hence, by definition, 

d 


de 


X[y + erj,T + e5] 


= 0 


E = 0 


for all T] G H^{I, R) fl C'Q([a, f>], R) such that 77 (a) = 0, and all d G R. 
Note that, by Lemma [U y + £77 G Also note that 


0 = — X[y + £ 77 , r + £(5] 


£=0 


d_ ( 
de .L 


L (t,y(t)+£ 77 (t), ^(t)+£^(t) ) dt 


£ = 0 


\^mt)-vit) + ^mt)~it) 


a [dy 
^dL 


dv 




□t 

• r]{t) dt + 


dt + L{T,y{T),^^iT)] -S 


dv 


n T 


[y\it)-vit) 


+ L[T,yiT),^{T)]-S 


(4) 
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Since 77 (a) = 0, then 


_dy 


im)- 


□ ^^L, 


□t V dv 


[y\ (t) 


dL 


r,it)dt + —mT)-yiT)+L{TMn^{T)]-6 = 0 (5) 




at 


If we restrict the variations in ([5|) to those such that r]{T) = 0 and d = 0, we get 

r]{t) dt = 0 . 


[ - S (fisi) w’ 

From the fundamental lemma of the calculus of variations it follows that 

for all t G [a, T], 

If we restrict in ([S|) to those rj such that 77 (T) = 0, we get 




r]{t) dt + L[T, yiT), ^(T) ) • d = 0. 


Ja [dy ot \ dv 

Substituting the scale Euler-Lagrange equation dH]) into © we obtain 


By the arbitrariness of 6 we get 


L[T,y{T),^^{T)] -6 = 0. 


L(T,y(T),^(r)) =0. 


Substituting <5 = 0 and the scale Euler-Lagrange equation dH) into dS]) , we have that 

dL, 


dv 


[y\{T)-y{T)=t). 


Erom the arbitrariness of 77 , we conclude that 


dL 




( 6 ) 


(7) 


□ 

Corollary 1. ([29]) Suppose that T is fixed in problem dB and the set of admissible functions is 
given by 

B:=An{yeH‘^{I,R):y{T) = yT} 

dL 

for some fixed real number yr- Let y € B be such that ~^W\ ^ and 


1”/ (s(§l!a-.;)«))/< = 0 


for all 77 G iJ^(/,K.) n C'Q([a, 6 ],R) such that r]{a) = ri{T) = 0. Then y is a scale extremal of 
functional I in the class B if and only if 

f [51(0 = 5 (|^l5l) W, w.|„,r|. 
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Remark 6 . (cf. [33] ) If we restrict the set of admissible functions to be the set {y € C^{[a, b], K) : 
y{a) = ya}, then problem (jP]) reduces to the classical variational problem 


I[y,T]= / L {t,y{t),y'(f)) dt -p-extremize 
J a 

y€C^i[a,b],R) 

. y{a) = ya, 

and, by Theorem\^ we can conclude that if (y,T) is an extremizer (that is, minimizer or maxi¬ 
mizer) of problem ([8]), then 

^(T,y{f),y'{f))=0; 

3. L(f,y{f),y'{f)) =0. 

Doing similar calculations as done in the proof of Theorem[5]one can prove the following result. 

Theorem 6 (The scale Euler-Lagrange equation and natural boundary conditions II). Let T G 

dL 

[a,b] and y G &],M) be such that ~^\y\ ^ H°'{I,'C) and 


!!%L (s(S1'3 -)w)^<« = 0 

for all T] G fl 6 ], R). The pair {y,T) is a scale extremal of functional I defined on 

C)j{[a, b], K) if and only if the following conditions hold: 

I t(f,5(f),^(f)) =0. 

Corollary 2. ([32]) Suppose that T is fixed in problem o and that the boundary conditions 
y{a) = ya and y{T) = yr are not present. Let T) — {y G M.) : y G CQ([a, &], C)}, and y G V 

dL 

be such that '^W\ ^ H°‘{I,C), and 

Ibi/ (s(§i!a-.;)«))/<=o 

for all rj G II^(I,R) D CQ([a, &],M). Then y is a scale extremal of functional X in the class D if 
and only if the following conditions hold: 
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In the proof of Theorem [5] we proved that (y, T) is a scale extremal of problem ([P|), if and only 
if, for arbitrary 77 £ n &], K) such that 77 (a) = 0 , and <5 £ R, 



-f-f 

at \dv' 


[y] it) 


dL 


r,it) dt + -^mT) • diT) + L ( T,y(T), ^(T) 




□t 


(5 = 0. (9) 


In what follows we will write 77 (r) in terms of 5, the increment over time, and the increment 
over space, _ _ 

5yf ■= iy + y)iT + 5)- y(T). 

Assuming that y,ri & C'^{[a, &], R) and for those ry such that ^(T) = 0, and |(5| <C 1, then, by 
Theorem m we deduce that 

(y + 77 )(f + ^) - (y + y)(f) = g(T) • <5 + 0{5^) 

and so we obtain the formula for the increment over space 

5yf = ^^if)-5+ y{f) + 0{6^) 

which is equivalent to 

y{f)=5yf-^^(T).5 + 0{5^). ( 10 ) 

Substituting dH]) and (fTUl) into ([5]) we get 




at 


dL, 


Oy, 


L T,y(r),^(r) [^(T).^(T) 


dv 


□t 


dT ~ 

.Syf—mT) + O{6^)=0. ( 11 ) 


Depending on the constraints that may be imposed over the terminal point T and/or over the 
boundary condition y(T), several natural boundary conditions can be obtained from condition 
(HU. Obviously, if they are both fixed we do not get any extra condition (see [29)1. 

Next we consider the case where the boundary conditions y(a) and y(T) are fixed and T is 
free. 


Theorem 7. [The scale Euler-Lagrange equation and natural boundary conditions III] In the 
conditions of Theorem\^ the pair iy,T) is a scale extremal of functional I defined on 

{y £ i7“(/2,R) : y(a) = yahy{T) = yT Ly& ^^([a, 6], R)}, 

where ya,yT G R o^fc fixed real numbers, if and only if the following conditions hold: 


[51(f) ■§(?). 
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Proof. In this case, Sy^ = 0 and S is arbitrary. Thus from dill) we obtain the condition 




at 


dL, 




L[T,y{T),T^AT)]=^[y\iT)~AT). 


dv 


at 


□ 

Now we shall generalize Theorem [7] considering the case where we have the boundary condition 
y{T) = tfiT), where if is a. given function of class &], R), and T is free. 

Theorem 8 (The scale Euler-Lagrange equation and natural boundary conditions IV). Let if be 
a given function of class 6 ], R). In the conditions of Theorem\^ the pair {y,T) is a scale 

extremal of functional X defined on 

{ 2 /G i^“(/^R) : 2 /(a) = z/a A j/(T) = V-(T) Ay G CS([a, 6 ],R)} 

if and only if the following conditions hold: 


1. ^[m = § W for all t G [a,T]; 

2. L (f.Kf), 5,f)) = |l|5l(f). (g(f) - ^(f)) . 

Proof. From Theorem |T] we can conclude that 

5yf =^{f + S)-ij{f) 

= ^(f).6 + 0{S^). 

Replacing dm) into dm), the arbitrariness of 5 allows us to deduce the condition 


( 12 ) 


□ 


3.2 Higher-order variational problems 

In this section we consider the following higher-order functional fl 

J[y,T] = L(^t,yit),^^{t),--- dt (13) 

defined in the class 


£ = {y e H°‘{r,R) : y{a) = ya,-^(a) =yl,-- - , (a) = A y G C3([a, 6 ], R)}, 


ap 


where the Lagrangian L = L(t, y, ui, U 2 , • • • , u„) : [a, &] x R x C” ^ C is of class C^,T G R is such 
that a <T < 6 , and ya G R, y^, • • • , y"”^ S C are given fixed numbers. 

Definition 6. ITe say that {y,T) is a scale extremal of functional J defined on £ if, for any 
rj G (J", R) n eg ( [a, b], R) such that 77 (a) = ^ (a) = • • • = (a) = 0, and d G R, 


de 


J[y -I- £ 77 , T -I- £d] — 0. 
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In order to simplify notations we will denote 


[ynt) := 

Theorem 9 (The higher-order scale Euler-Lagrange equation and natural boundary conditions). 
Let T € [a, b] and y G £ be such that 

BT 

1. —^ for alli = 1,2,-■■ ,n, 


2. for all i = 1,2, ■■ ■ ,n and k = 0,1, ■ ■ ■ ,i — 1, 
lim 


h^O 




Dt \ dvi 


E 


for all rj G R) n C'g([a, &], M) such that r]{a) = 0, -^{a) = 0, ■ ■ ■ , (a) = 0. 

The pair {y, T) is a scale extremal of functional J on the class £ if and only if the following 
conditions hold: 


BT ” n® /BT \ ~ 


" r~\k—i / or 

*■ (— I = 0 , w = 1,2 


\8vk 


5 5 '‘'5 


k—i 

3. LW{f) = 0. 

Proof. Suppose that ify,T) is a scale extremal of functional ff on the class £. For variation 
functions, we consider Ify -\- erj, T + eS), with y be such that 

On 0^~^n 

y{a) = ^(a) = • • • = -- fia) = 0. 

ly ^ nr nr-i ^ ^ 

Using the definition of scale extremal, we conclude that 

£ (|ji5i"(') ■ +E |^i5i”«) ■ *+ m"(T) s=o. 

Applying the integration by parts formula, we get 




” / or „ ~ !_i rIT ~ ~ \ ~ 

+ E ■ Tffdm + E(-l)= 0- 






Considering 5 = 0 and r]{T) = ^(T) = • • • = g^„-i (T) = 0 we obtain the higher-order scale 
Euler-Lagrange equation. Similarly as done in the proof of Theorem [SJ for appropriate variations, 
we obtain the pretended natural boundary conditions. 

□ 

Clearly, all the results presented in Subsection 3.1 can be generalized for higher-order varia¬ 
tional problems. 
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4 Conclusions 


In the present paper we study variational problems when the dynamic of the trajectories are 
nondifferentiable. To overcome this situation, we considered the scale derivative as presented by 
Cresson and Greff in [55] and ESI, which has shown some applications in physics, e.g., trajectories 
of quantum mechanics, fractals and scale-relativity theory. The main aim was to find necessary and 
sufficient conditions that a pair (y, T) must satisfy in order to be an extremal of a given functional, 
where y is the trajectory and T the end-time of the integral. We considered the existence or not 
of boundary conditions on the initial and end time, as well with higher-order scale derivatives. 
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